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A short analysis is given of the scientific work of Ernst Meissel (1826-1895), who worked 
for most of his active life as a secondary school director in Germany. In particular, Meissel 
performed many interesting numerical calculations. He is best known perhaps for his computa- 
tion of/r(109), where, generally speaking, 7r(x) denotes the number of primes -<x. Many of 
his results were announced without proofs, which makes the story more exciting. In passing, 
more sporadic biographical information is given about some other 19th-century mathemati- 
cians: Gram, F. Meisel (~ Meissel), Oppermann (Gram's teacher), and Weihrauch, among 
others .  © 1995 Academic Press, Inc. 
Es wird eine kurze Analyse der wissenschaftlichen Leistungen von Ernst Meissel (1826- 
1895) gegeben. Meissel war gr/)ssten Teil seines aktiven Lebens als Realschulendirektor in 
Deutschland t~itig. Insbesondere hat er viele interessante numerische Ber chnungen durchge- 
ftihrt. Er ist vor allem fur seine Bestimmung der Gr/3sse ~'(109) (wobei ganz allgemein 7r(x) 
die Anzahl der Primzahlen -<x bezeichnet) bekannt. Viele von seinen Ergebnissen sind ohne 
Beweis mittgeteilt, was die ganze Geschichte viel interessanter macht. Vortibergehend werden 
auch mehr sporadische bibliographische Dat n betreffend einigen anderen Mathematiker des 
19. Jahrhunderts gegeben: Gram, F. Meisel (5~ Meissel), Oppermann (der Lehrer von Gram), 
Weihrauch (war im Baltikum t~itig), usw. © 1995 Academic Press, Inc. 
Antakse ltihike analtitis Ernst Meisseli (1826-1895) teaduslikust loomingust. Meissel oli
suurema osa oma aktiivsest elust tegev keskkoolijuhatajana S ksamaal. Eriti vSttis ta ette 
rea huvitavaid numbrilisi arvutusi. Eelkrige on ta suuruse  ~(109) (kusjuures iildiselt r~i~ikides 
t~ihendab ~r(x) algarvude -<x arvu) ma~iramise eest tuntud. Asia teeb m~irksa huvitavamaks 
see, et paljud oma tulemustest kuulutas v~ilja ilma tSestuseta. M~38daminnes mainitakse, 
enamalt sporaadiliselt, bibliograafilisi andmeid ka rea teiste 19. sajandi matemaatikute kohta: 
Gram, F. Meisel (~ Meissel), Oppermann (Grami 6petaja), Weihrauch (oli tegev Baltimaades), 
jne. © 1995 Academic Press, Inc. 
AMS 1991 Subject Classification: 01A55, 01A70. 
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I. INTRODUCTION 
The purpose of this article is to arouse interest in the life and work of the 
mathematician, Ernst Meissel, who for most of his active life was a secondary school 
director in Germany (from 1856 until his death in 1895), but who also published 
original mathematics of considerable interest during this period. The list of his 
publications at the end of the paper (see Appendix I) consists of 46 items, including 
three textbooks. Most of his work is in the form of short notes, often half a page 
or less. Not all is readily available, quite a lot being in the form of Schulprogramme.1 
1 In particular, many of Meissel's works from his Iserlohn period have not been accessible to me. 
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What is so very provocative about Meissel is that many results are stated without 
proof or sufficient detail; indeed, one gets the impression that he published only a 
fraction of his discoveries. At least, I have not been able to reconstruct everything. 
I intend to discuss some of his research in greater detail in subsequent publications. 
Meissel's mathematical interests covered the following fields: number theory (in 
particular, properties of prime numbers), theta functions, elliptic functions, spherical 
trigonometry, hydrodynamics, ordinary differential equations, asymptotic expan- 
sions, and Bessel functions. In particular, Meissel was a master calculator, as wit- 
nessed by the many tables he worked out and the extensive numerical calculations 
he performed. These evoked admiration among his contemporaries, as evidenced 
by the following quotation: " . . .  er konnte gewiss zu den gr6ssten mathematischen 
Rechners seiner Zeit gez/~hlt werden" [90, 240]. Later writers also thought highly 
of him (see, e.g., [76; 92]). 
The only previous biographical information pertaining to Meissel and his work 
seems to be a short note by Archibald [65], 2 who compared him with men like 
Weierstrass, Grassmann, and Tropfke, all of whom spent at least part of their 
careers as secondary school teachers. Most of Archibald's note, however, is devoted 
to a careful discussion of Meissel's tables. 
II. B IOGRAPHY 
Daniel Friedrich Ernst Meissel, as his full name reads, was born on July 31, 1826, 
in Neustadt-Eberswalde, a town situated some 80 kilometers northeast of Berlin. 
He died on March 11, 1895 in Kiel (then a part of Herzogtum Holstein, Prussia, 
population 121,824). 3 Meissel attended the Friedrich-Wilhelm-Gymnasium n Berlin 
and then studied at the University of Berlin from 1847 to 1850 under Jacobi [65, 
449]; as Jacobi died in 1851, Meissel must have been among his last students. It 
seems that Meissel also had contacts with Dirichlet, who taught at Berlin up until 
1855 [21, 337]. Meissel received his doctorate from the University of Halle in 
1850 [1]. 
After finishing his thesis, Meissel prepared himself for a career as a secondary 
school teacher. He passed his Lehramtsprafung that same year in Berlin and then 
spent his Probejahr at the KOlnischer Realgymnasiurn in Berlin beginning Michaelis 
1850, and staying on as a wissenschaftlicher Hilfslehrer until Easter of 1852. After- 
ward he taught at the Berlin Bergakademie. In Poggendorff [107; 108] one finds 
very precise information about his teaching activities ("Lehrer der Mathematik ft~r 
die Studierenden des Berg-, Hiitten- und Salinernfachs"). According to the same 
z R. C. Archibald was, jointly with D. H. Lehmer, the editor ofMathematical T bles and Other Aids 
to Computation, a journal continued since 1960 as Mathematics of Computation. Meissel's name recurs 
often in the early issues of that journal, and i  vol. 3 (the same issue that contains a biographical note 
on Meissel) there is also a picture of him (opposite p. 399). There are no more indices from Vol. 22 
on. Information about Archibald, who was also a noted historian of mathematics, can be found in [97]. 
3 One should not confuse Ernst Meissel with Ferdinand Meisel (1854-1938), who lived later and 
wrote about different subjects. Compare [110; 111]. 
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source, he seems also to have been Privatdozent at the Bauakademie. 4 Beginning 
Michael is  1856 he assumed the directorship of  the Kgl. Provinzialgewerbeschule in 
Iser lohn, located some 25 k i lometers  to the south of Dor tmund [63]. He  remained  
in Iser lohn unti l  Easter  of 1871 when he came to Kiel  as the director  of  the 
Knabenbargerschule, which was t ransformed two years later into a Realschule 
2. Ordnung and then in 1882 into an Oberrealschule. 5 Meissel  seems to have p layed 
a prominent  r f le  in the latter  school 's  organizat ion. I  [77], J. H. Eckhardt  prov ided 
a gl impse of  Meissel  as a teacher,  apparent ly  based on personal  exper ience (the 
copy of  the book let  I consulted once be longed to W. Meissel).  In his words, 
Er war der typische Brandenburger mit dem beissenden, treffenden Witz und Sarkasmus der 
mit Spree- und anderem Wasser der Mark Getauften. Wie oft hat er nicht seine mathematischen 
Unterrichtsstunden durch allerlei Witze, Erz~ihlungen aus seinem Leben gewilrzt, wie gern 
erz~ihlte er nicht von seiner Dienstzeit als Kanonier, und mit welcher Begeisterung zitierte r 
dazwischen icht h~iufig Verse des g0ttlichen Homer. Viel Freude haben ihm manche seiner 
Schiller nicht gemacht; far ihn, den ganz vorragenden, wissenschaftlich sehr bedeutenden 
Mathematiker muss es keine Annehmlichkeit gewesen sein, Schiller unter sich zu haben, die 
von Mathematik keinen blassen Dunft batten und das mtihsam Eingelehrte und Eingepaukte 
nur leicht wieder vergassen . . . .  Wie oft hat er uns nicht von seiner Schul- und seiner Studenten- 
zeit erz~ihlt und von den sturmbewegten Tagen des Jahres 1848. [77, 49-50] 
Several  photographs  from [77] are reproduced here (Figs. 1-3).  
About  Meissel 's  pr ivate life l ittle is known, except that he was marr ied and had 
at least two sons. 6 Meissel  became ill on December  20, 1894 and had to request  a 
leave of absence for Ostern 1895. He  died of a heart  attack on March 11 of  that 
year  at 7 o 'c lock in the morning. A contemporary  account of the funeral  procession 
informs us that "Her r  Mar ine -Oberp far rer  Langheld  hielt die Le ichenrede.  E in 
grosses Trauergefolge,  aus dem Magistrat,  dem Lehrerko l leg ium,  den gegenw~irti- 
gen, v ielen ehemal igen Schfilern und andern Le idt ragenden bestehend,  geleitete 
ihn zur lezten Ruhestat te"  [63, 35]. 
I I I .  SHORT ANALYS IS  OF  MEISSEL 'S  MATHEMATICAL  WORK 
In what  follows, I have tr ied to group Meissel 's  works according to subject and 
to comment  on those of most interest. It should be noted that Meissel  had a marked  
tendency to publ ish in dif ferent journals  dur ing dif ferent per iods of his life. In 
the 1850s he publ ished three papers  in the Journal far die reine und angewandte 
Mathematik (Crel le 's  Journal) .  Later,  dur ing the 1870s and 1880s, one finds several  
short  notes in the Mathematische Annalen. However ,  the bulk of his papers  f rom 
this later per iod appeared  in the Archiv der Mathematik und Physik (Gruner t ' s  
4 This is in accordance with Knobloch [88], which contains interesting information about mathematics 
in Berlin, notably about its Technische Hochschule--a sequel to the two aforementioned schools. 
5 At a later stage the school was called "Admiral-Graf-Spee-Schule"; from1947 on it has been known 
as the "Humboldt-Schule". 
6 One was the aforementioned W. Meissel. In [64] one finds the following entry: "Meissel, W., Kap[it~in], 
Insp[ektor] dies] nordd[eutschen] Lloyd, Bremerhaven." Another son died prematurely in a tragic 
accident; he was probably hit by a snowball [77]. 
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FIG. 1. Ernst Meissel. From [77]. 
A rch iv ) .  Towards  the  end  of  his life, severa l  pub l i ca t ions  came out  in the Astrono- 
mische Nachrichten. 7 
7 This has led Lehmer in [92], for example, to believe mistakenly that Meissel was an astronomer. 
By the same logic, Jacobi was also an astronomer! Nevertheless, even if Meissel was not an astronomer, 
he actually came to inaugurate a direction of research in celestial mechanics. In a conversation with 
Burrau during the latter's visit to Kiel, Meissel proposed to study a special case of the three-body 
problem, namely, the situation of three particles with masses 3, 4, and 5, initially at rest at the vertices 
of a Pythagorean triangle with sides 3, 4, and 5. I quote from Burrau in [71, 115]: "Zweitens war in 
meinem Ged/~chtnis von einem im Jahre 1893 stattgefundenen Gespr/~che mit dem verstorbenen Kieler 
Mathematiker Meissel die Erinnerung zuriickgeblieben, Meissel w/~re der Meinung, dass die oben 
gew/~hlten Anfangsbedingungen eine periodische B wegung hervorbringen sollten." Burrau also says 
that the first numerical calculations ofthis nature were performed by Str6mgren i [119]. For a contempo- 
rary, popular survey of related matters, see Diacu [74], where the name Burrau appears, but not 
StrOmgren; for biographical information on Carl Burrau (1867-1947), who was a Dane and worked for 
many years as an actuary, and Elis Str6mgren (1870-1947), a n tive Swede who taught at the University 
of Copenhagen, see [111; 112]. 
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FIG. 2. School staff in 1880. From [77]. 
III.1. Pr ime numbers [12; 13; 15; 30-33] 
All these items, except [32], appeared in the Mathematische Annalen and concern 
the actual computation of the number of primes less than or equal to a given 
number n, that is, the computation of the function ~r(n) (Meissel's own notation is 
~b(n) or- - in his early paper [2]--O(n)). It is due to this work that Meissel's name 
is mostly remembered today, as may easily be confirmed by browsing through some 
randomly chosen volumes of the CompuMath Citation Index. 
Meissel set forth his principal method in [13]--this is Meissel's formula, which 
generalized an earlier formula by Legendre [57] and which was itself in turn general- 
ized by Lugli [94], Lindborg [93], Lehmer [92], and many others. Meissel's formula 
has found its way into many textbooks (see, e.g., Mathews [95] and Wertheim [122]; 
for a comprehensive contemporary treatment see Chap. 1 of the monograph of 
Riesel [113]). Thus, there is in itself absolutely no need that we recall it here; for 
the reader's benefit let us, however, state some of the salient facts below (for details, 
see [113]). 
First, we recall Legendre's formula, which is essentially nothing more than a 
quantitative version of the sieve of Erathostenes. Thus, let Pl, P2, • • •, Pa denote 
the primes -< ~v/Y (taken in increasing order), that is a = 7r(V~x). Then 
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Fro. 3. The "Sekunda" class of 1873 (?) with Professor Stimmung and Director Meissel. From [77]. 
- p~--~-~-~-~-~-~-~-~p~3 . . . .  o ~p22po 3 +""  
]+)_1 +- "Pa 
Meissel's guiding idea was to invoke also the primes Pl, P2 . . . . .  Pb ~" X1/3" Then 
we have 
0 [~] [P~iPj] (a+b-2)(a-b+l) ~)  ~-- I~ l -~ ~ + 2 ~ . . . .  + - ~ ~ , 
l <i<j<b 2 b<i<_a 
where thus a = rr(V~xx), b = 7J'(x1/3). This is Meissel's famous formula. Its various 
generalizations depend on bringing into play not only the square root and the cube 
root but also higher roots of x. 
In [13] Meissel verified the correctness of Burckhardt's table [49] up to one 
million (106), but he also noted some errors in Gauss [50]. In [15] he considered 
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prime numbers up to one hundred million (108), stating the result rr(108) = 5,761,460, 
which he later had to change to 7r(108) = 5,761,455 in [30]. (In a previous research 
announcement [12], he had given the value/r(107) = 664,599 and had also recorded 
a few errors in Hiilsse [54]; before him, Legendre [57] had stated the slightly 
erroneous value r/'(106) = 78,526.) A few errors in Burkhardt [49]--in the range 
1,100,000-1,200,000--are pointed out in [31]. 
Finally, Meissel pushed his calculations up to one billion (109) in [33], where he 
reported that 7(109) = 50,847,478. He compared this result with an approximative 
formula established by Gram [52], with whom Meissel had corresponded [53]. In 
this connection Meissel stated an asymptotic formula, with remainder term, for the 
function e -n-x Li(en+x), which is related to an expansion in [21] (see Section 111.5 
below). More errors in [49] were detected, one of them having been found already 
by Oppermann 8 in [60]. However, more than 70 years later Lehmer showed (in 
[92]) that Meissel's value for 7r(109) was defective, the correct value being 7r(109) = 
50,847,534, which means that Meissel had missed 56 primes. 9 
We also place the paper [32] under the category of prime numbers. (It was not 
reviewed in the Jahrbuch iiber die Fortschritte der Mathematik.) Here Meissel 
considered prime numbers in certain arithmetical progressions, in particular prime 
numbers congruent mod 12 (numbers congruent mod 12 to -7, -5, -1, + 1). Meissel 
made the stranger statement that the primes of the form 4N + 3 have a greater 
density than those of the form 4N + 1. By "density" he meant something akin to 
Dirichlet density, defined with the aid of a Dirichlet series. Some approximations 
are also mentioned, for example, the empirical formula 
n [ 1___~_+ 2! (m- l ) !  kin! 1, 
rr(n) = ~ 1 + log n (log n) ---'----~ + " " " -~ (log n) m-1 ~- (log n)mJ (1.1) 
where 0 < k < 1 and m = [~] .  Meissel claimed this formula was valid for 
large n, but did not explain in what sense this was supposed to be true. 1° 
8 Presumably the teacher of Gram; see Narlund [101, 74]. 
9 In [96], which otherwise contains little of interest, from our point of view, except hat it confirms 
of some of the biographical facts given above in the Lebenslauf, one finds a short communication (dated 
Kiel, July 2, 1885) in which Meissel mentions that "ich w~ihrend der Juliferien nach Bremerhaven und 
Copenhagen zu reisen beabsichtige..." [96, 69]. Can it be conjectured that he met with Gram, Opper- 
mann, and maybe other Danish mathematicians (as well as his son in Bremerhaven) on this occasion? 
For another Danish connection, see footnote 7 above. 
10 Professor Berndt has kindly informed me that the phenomenon that there are, so to speak, more 
primes ---3 mod 4 than primes -=1 mod 4 was first recorded by Chebyshev and that this matter has been 
extensively studied since then. So Meissel's result is perhaps not so strange after all. See the discussion 
in [68, Chap. 24] (analysis of Ramanujan's third notebook), where Meissel's computations of ~r(x) are 
also mentioned. Moreover, Berndt has pointed out that (1.1) arises formally by integrating the integral 
logarithm by parts several times and then breaking off at a convenient point. 
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111.2. Other Contributions to Number  Theory [2; 14; 32; 34; 35; 38] 
Among Meissel's other contributions to number theory, the paper [2] (which was 
written as early as 1850) was apparently inspired by a reading of Moebius's [59]. 
The latter work contains everal inversion formulae related to Moebius's inversion 
formula based on the function/z(n),  where /z(n) = ( -1 )  t if n is a product of I 
distinct squares, and/z(n) = 0 otherwise. Among other results, Meissel showed that 
,[m] 
1 =/ , (a) [m] +/x(2) m +/.,(3 m +. . .  +/.,(m . 
It was pointed out in [115, 65] that this is nothing but an immediate consequence 
of Moebius's formula. Nevertheless, Meissel's treatment, which involves rather 
formal manipulations with trigonometric series, still may be of some interest. Meissel 
also showed that 
where the number-theoretic function • is given by 
(_l)n,+...+n (nl + ' ' "  + n.)! ¢b( M)  
nl! • • • n~! 
for M = p],l . . . .  p~, 
and 7r(x) is the counting function for the prime numbers. (Note that Meissel himself 
uses Gauss's notation for the factorial, I I(n) = n!, and for the gamma function, 
I I(x) = F(x + 1), where F(x) is the Euler gamma function.) 
Meissel also did some work in partition theory. According to the review written 
by Eugen Netto for the Jahrbuch iiber die Fortschritte der Mathematik (vol. 2, 
p. 199), Meissel's [14] gives an approximation formula for the number f (n )  of 
partitions of a given number n, which he obtained by transforming the series F(q) = 
HI ° (1 - qa) - I  = ~o f (n )q  ~ and making use of theta functions. 
Somewhat later, in [34], he dealt again with the theory of partitions. Here he 
was concerned with the number fn (A)  of representations of the number A of the form 
alxl + " ' "  + anXn = A. 
According to Dickson in [75, 2: 594, 679], this problem had been treated previously 
by Weihrauch in a number of publications starting with his 1869 Dorpat dissertation 
(see, e.g., [121]). 11 Meissel only considered the case in which the a's are prime 
11 According to Poggendorff [108], Johann Karl Friedrich Weihrauch (1841-1891), a native German, 
first taught mathematics at various secondary schools in the Baltic States ("das Baltikum") and then 
became a professor of physical geography and meteorology at the University of Dorpat (= Tartu). See, 
also, [116, 205]. 
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numbers. His formula, which according to the reviewer of [34] should be seen as 
a sort of a synthesis of part of Weihrauch's results, states that, for n = 3, 4, 5: 
10fn+l(pe + m)  
f , (A  ) - fn (P )  = p Op ' 
where P = ala2 • • • an and A = pP + m and where "the final term of the derivative 
is omitted" [75, 2:143]. 12 Meissel himself did not mention Weihrauch's work. 
In [35], Meissel considered, for a given natural number c, the series of remainders 
Here the notation of Legendre [57] is used, that is, Rx = x - Ex  with Ex  = Ix] = 
integer part of x. Let N~ be the number of those remainders in (2.1) which are -<a. 
Meissel found several formulae for this quantity N~, both exact ones as well as 
approximations. For instance, the following integral formula was stated (I use 
Landau's notation here): 
n s: ( go - - - d x  + O(n l / ( l+c) ) .  
N~ F(c) log 1 -x  
Following his habit, Meissel illustrated his results by extensive numerical computa- 
tions. 
The paper [38] deals with the Diophantine quation 
x 3 + Ay  3 + A2z  3 - 3Axyz  = 1, (2.2) 
together with a 5th degree analogue [75, 2:594, 679]. These are natural generaliza- 
tions of Pell's equation 
x 2 - Ay  2 = 1. 
Note that the lefthand side of (2.2) splits into linear factors of the form 
x + toy~/~- + to2z~/-it-~, 
where to is a third root of unity (0)3 = 1). 
111.3. Theta  Funct ions ,  E l l ip t ic  Funct ions  [1; 4; 8; •9] 13 
In his unpublished thesis [1], Meissel dealt with the one-dimensional theta series 
1~(X) = ~ X n2 = 1 + 2x + 2x 4 + 2x 9 + 2x 16 + • • • 
12 Dickson noted further that Meissel's '~fn-1 has been changed to fn to conform with Weihrauch." 
See also [66, 2:154], where Weihrauch is mentioned, but not Meissel. 
13 See, also, Section III.4. below. 
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where the summation is over all n-tuples (ml, m2 . . . . .  mn) of integers. He then 
showed that 
o0 
O(~1, ~2 . . . . .  ~:n) = E e-'rZas'(m'+¢~)(mk+¢k) 
-~ (3.1) 
1 ~ 
-- @ ~_~ e -Tr'iak,(mt+~k)(ms+~s) COS 277(m1~1 + m2~2 +' ' "  + mn~:,), 
where D = det a,k and (aI,,) is the inverse of the matrix (a,~). The proof follows 
by observing that the left-hand side is a periodic function in each of the n variables 
of period 1. So the problem reduces to the evaluation of an n-fold integral (Fou- 
rier coefficient) 
= j-(~o~ e-"~'4se"& cos 277(m1~1 + m2~2 +' ' "  + mn'~n)dl~l d~2 ' ' "  den. V(ml,m2,...,m n ) 
This again is performed by reduction of the quadratic form to diagonal form. 
According to Krazer [89, 98], who quotes Meissel, the case n = 2 of (3.1) is due 
to Rosenhain [114], the case n = 1 being associated with the names Gauss, Cauchy, 
Poisson, Jacobi, and Abel (cf. [89, 98]). 
In [19], Meissel began by giving a curious proof of Legendre's famous relation 
to the effect that 
77 
F(k)E(k') + F(k')E(k) - F(k)F(k') = 2' (2) 
where F(k) and E(k) are the complete elliptic integrals of the first and second 
kind, respectively, and k' is the complementary modulus, k' = ~/I - k 2. Meissel's 
proof was based on transformation theory. The point is to employ not only transfor- 
mations of integral order n, but also those of fractional order. One shows that given 
k the left-hand side of (2) remains unchanged for an infinite set of transformed 
moduli A, whence one can conclude that it is constant everywhere. Once this is
shown, it s easy to see afterward that this constant must be equal to 77/2. Following 
this, the author imposes the restriction A = k', which fixes k for a given n. For 
example, in the simplest case of second order transformations (n = 2), Meissel 
found that 
k=~- l ,  
E(k) = F(k) + 4F(k')' 
E(k') = 1 - F(k')  + 4F(k-----~" 
Finally, in [8], Meissel produced an often-used table of log10 q, where q is Jacobi's 
nome, q = e -~Ic(k)m(k). (We now prefer to write K, not F, for the complete lliptic 
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integral of the first kind.) In [79], Fletcher was able to demonstrate beyond a doubt 
that Bertrand used Meissel's table in his book [70], although he attributed it to a 
different person, namely, F6dor Thoman. Indeed, Fletcher conjectures that "the 
Franco-Prussian war made inopportune a candid acknowledgment of the German 
origin of the table of log q" [79, 275]. 
111.4. Spherical Trigonometry [24-28; 40] 
There is considerable overlap between the first five of these papers. In [24], 
Meissel obtained a series representation for the six elements of a spherical triangle 
using elliptic functions (compare 111.3 above). More precisely, let a, b, c be the 
sides of the triangle and let c~,/3, y be the corresponding angles. Then Meissel 
showed that 
ot = x + ~ f(q2n) sin 2nx 
1 2n  ' (4 .1 )  
sin(2n - 1)x 
a = ~]f(q2n-a) ~n----1- " (4.2) 
1 
Similar formulas obtain for/3, b and y, c merely by replacing x by y and z, respectively. 
Here, x + y + z = ~r, so these numbers may be viewed as angles of an associated 
Euclidean triangle, while the parameter q (the nome) is determined by the equations 
sin a = k sin or, etc. (sine theorem) in conjunction with the series development 
arcsin k = ~ (-1~ "f(q2"-l-) (4.3) 
"i" " -" 2n - 1 " 
Here f(q) = 4V~qq/(1 + q) everywhere. In fact, Meissel remarked that (4.1) is 
nothing but formula 24 in Jacobi [55, 102], while (4.2) follows by integration from 
formula 21 in [55, 101]. 15 With the help of (4.1) and (4.2) Meissel could solve 
(even numerically) the problem of finding a triangle given the differences of the 
corresponding sides and angles (that is, equations of the type c~ - a = A, etc.). This 
solution is reproduced in [26]. In the latter note and in [28] he also solved the 
analogous problem with sums instead of differences (the equations o~ + a = A, etc.) 
by reducing it to the previous problem using Jacobi's imaginary transformation. In 
[27] he considered the more general situation when some differences and some 
sums are known. Finally, in [46], Meissel produced a table of spherical triangles 
for the case q = e -~ or k = ½, also giving applications to the division of the lemniscate. 
111.5. Ordinary Differential Equations, Asymptotic Analysis, Physics [3; 6; 16-18; 
20-23; 29] 
Some of the differential equations considered by Meissel come from problems 
in physics or mechanics. The papers [3], devoted to tautochrones and brachisto- 
chrones, [6, 17], dealing with a hydrodynamical problem, and likewise [22] belong 
is The connection between spherical trigonometry and elliptic functions was already known to La- 
grange (cf. Houzel [86, 10]), and, later, Legendre used spherical trigonometry to prove the addition 
theorem (cf. Cayley [72, 27]). 
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to this category, but they are perhaps less interesting from the point of view of 
differential equations. 16
Much more rewarding from this perspective is the paper [16]. Here Meissel was 
concerned with the equilibrium of a perfect gas (Meissel himself called it "elastic") 
contained in a sphere under the influence of its own gravity--apparently, theauthor 
thought of this as a model for a comet. 17 Let x measure the distance from the center 
of the sphere. The situation is described by a function ~(x) (linear density) such 
that 4rr~p(x)x 2 dx denotes the mass contained between two concentric spheres of 
radii x and x + dx. From this, one easily obtains the differential equation 
A /''\lxi'¢,x,i + - -  0 ,  
dx \ ] 
where ~ is a constant (depending on the temperature, the density of the gas, etc., 
with the physical dimension [L-2]). TM In order to get a dimensionless formulation, 
Meissel makes the substitution 
, (x)  = 
which leads to the equation 
"~x \ F(x) / + x2F(x) = O. (5.1) 
The solutions of interest are those F such that F(0) = 1. Meissel transformed (5.1) 
in various ways. In a first attempt, he r duced itto the first-order differential equation 
dz vz 
dv 2+v+z '  
but he quickly abandoned this track. Instead, he wrote (5.1) as a system, 
F'(x) + F(x) ~o'(x) = O, 
where F(x) = e -°(*). For small values of x, he solved this numerically using power 
series expansions. In particular, writing 
16 Meissel's results in [17] are reproduced in [102], a historical survey which is, perhaps, not quite 
reliable. A formula in [34] was used in Gromeka [82] and, more recently, in Slezkin [117] and [118]. 
17 Astronomers with whom I have spoken (B. A. Linblad and H. Rickman) tell me that this can 
hardly be viewed as a very realistic model, as gravitation alone can hardly account for its coherence. 
The present-day conception of comets is quite a different one, with a heavy nucleus at the center, etc., 
and goes back to Fred Whyple around 1950. 
18 Meissel's equation is a special case of Emden's famous equation, derived under the assumption 
that pressure is proportional to a power of density (a "polytropic" gas ball). See Emden [78]; the case 
of an "isotropic" gas ball is discussed in Chap. 9 of [78]. 
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F(x)  = 3a0 - 5alx 2 + 7a2x 4 - 9a3x 6 + . - . ,  
61 with a0 = ½, al = ~, a2 = ~-l-gs, a3 - 2o~-2o, he determined, without giving any details, 
the following approximat ion for the nth coefficient: 
(  l/z +l 
an=4 l - (3n+4) (3n+7 
where A = 10.7178. In this way, he found F(x)  and F ' (x )  in the range 0 -< x ~ 2 
and then, by extrapolat ion, in the range 2-< x ~ 6. For large x, he used a different 
approach. Af ter  another  substitution, he ended up with the equation 
dZu ~_ 2 du 
dz 2 ~zz + 8(1 - e-U) = 0, 
which he solved numerical ly using a series expansion of the type 
u = pie -z + p2e -2z + p3e -3z + pae -4z + • • • , (5.2) 
where the coefficients p are certain goniometr ic functions. More  precisely, P2 = 
p2(z), P3 = p3(z) . . . .  can be found inductively from p l (z )  = A cos (or + zV~),  
where A and ot again are determined empirically. (As Meissel worked f rom tables 
of logarithms and tr igonometr ic  functions, he wrote log brigg A = 0.071 0753 and 
a = 60°52'14,"31.) 
The above is most  interesting because Meissel was on the track of a general 
method,  which he subsequently applied in several other cases. In his own words: 
"Ich will hinzufagen, dass dieses Verfahren der numerischen I tegration von Diffe- 
rentialgleichungen auf  eine unziihlige Menge yon allgemeineren Fiillen sich ausdehnen 
liisst. Zu diesen geh6rt die Gleichung 
~0(x, y, y ' )  = 0 
in welcher q~ eine in y und y'  homogene Function ist" [16, 352; Meissel's emphasis]. 
Thus, in [23], he ment ioned,  without proof,  a curious property of the differential 
equation 
ay __= +V,y 2 _ cos 2x, (5.3) 
dx 
which, apparently,  is connected with the type of series expansion in (5.2) above. 19 
The most interesting paper  in this connection, however,  is [21], which mainly 
dealt with the remainders in certain asymptot ic series, although the differential 
19 It seems, however, that the proof was never published, so I stated it as a problem in [103]. I have 
also used Meissel's idea in connection with the differential equation 
y'P - yP = +_1 (p > O), 
which gives a generalization of the hyperbolic sine and cosine (the case p = 2) [105]. 
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equations recur toward the end. In my eyes this is one of Meissel's most in- 
triguing works. 
The first half of [21] is concerned with the curious interpolation formula 
f (x  - aa) 
=f(x)  aaf ' (x  + a) + a2°e(°l + 2)f"(x- + 2a) a3°e(°e + 3)2f" (x  - + 3a) . . .  
2! 3! (5.4) 
( - -a )n (  Ot + n)  n-1 
= a ~ n! f(n)(x + na). 
o 
This formula obviously holds if f is a polynomial, but in other cases it is dif- 
ficult to ascertain whether or for precisely which values of a it is true. For 
example, Meissel showed that if f (x )= e -x, the series converges for a -  a0 = 
-0.278464542761 . . . ,  which is the root of the equation 1 + ae l÷a = 0, but the 
formula is correct only if a -> 1. Next he took f (x )  = 1/x and a = 1. This would lead 
to the formula 
1 _ 1 (o~ + 2) (c~ + 3) 2 (or + 4) 3 ,~  (o~ + n)  n-1 
x (x  - or) (x  + 1) ' ' ' ' ' ' - -~  + (x + 2) 3 + (x + 3) 4 + (x + 4) 5 + . . . .  Z'I (x + n)  n+l' 
(5.5) 
which is false, although the series is convergent unless x is a negative integer. The 
determination f its sum leads to some rather interesting considerations. In particular, 
Meissel estimated the error occurring in the relation (5.5) and found that it is very 
small if x - o~ is large ("mit wachsendem x - ~ sehr bald unmerkbar wird" [21, 
342]). As a byproduct, he used a clever device to show how to compute numerically 
"the strange integral [das seltsame Integral]" [21, 342] 
f~ (n (n +/3)n- l+ x ~-1 x ~/(1-x) dx - 1 ol +-----fl ot ~-~n + l 
In the special case a = 2,/3 = -1 ,  Meissel calculated its value as 0.317163715438. 20 
20 Using Maple, G. Almkvist found the value 0.31716371543976432012; hence Meissel's value is in 
error only in the last (12th) digit. T. Claesson made several interesting remarks. First of all, he pointed 
out that essentially the same expression as (5.4) occurs in a posthumously published work of Abel [48]. 
We refer, in this context, to Halphen [85], where necessary and sufficient conditions are given for a 
series of the form 
P,o + p, lx + IX2 X'X ( - 2fl) + ... + p, nx,x( - n,_ : + . . .  
2 n! 
to converge for all complex values x (following his habit, Meissel considered only functions of a real 
variable), the tt being given complex numbers. Using this result, Halphen found conditions for a 
"synectic" function to admit a representation f the form (5.4). Halphen also noted the phenomenon 
that the expansion (5.4) for a rational function fails to represent the function unless it is a polynomial, 
that is, more or less the situation covered by the special case (5.5) investigated by Meissel. Claesson 
also turned my attention to the paper Berndt-Evans [69] devoted to the study of certain series treated 
by Ramanujan in one of his famous notebooks and closely connected with the series (5.5). 
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treatise [120], (entitled "Bessel Functions of Large Order") one finds an extensive 
and scholarly discussion of Meissel's work on the asymptotics of Bessel functions, 
covering roughly the content of the six papers [39; 40; 42-45]. (In one of the last 
papers belonging to this group, viz. [43], Meissel alluded to further esults "von der 
grOssten Wichtigkeit"; these, however, were apparently never published.) Watson 
presented the "Cauchy-Meissel" formula, thus putting Meissel in good company. 
He further discussed certain "series of Kapteyn's type" first considered by Meissel. 
It should be observed that Meissel's notation for Bessel functions is Bessel's original, 
where Ih or ~h) is used instead of Jh(K), the customary modern notation. 
In [10] 22 Meissel considered inter alia the product of two Bessel functions. Ac- 
cording to Nielsen, Meissel seems also to have been the first to consider the 0th- 
order Bessel function of the second kind, usually written Y0- (Nielsen uses upper 
indices: i10, a fine point apparently missed by Watson in [120].) Meissel wrote down 
a third-order differential equation satisfied by the three products ~,  JoYo, Y~o, 
namely, 
y" + 3y" + 4y' + 4y = 0.23 
In [98] and [99], Nielsen generalized this equation in various ways. In particular, 
he considered products of Bessel functions of different order. 
We should also say also a few words about the paper [37]. Again the author 
began by recapitulating some results from his [10]. Using the notation f (= J0) and 
O (= Y0) for the standard solutions of the differential equation 
xf" + f '  + x f=O,  
he gave a number of integral formulae, such as the formula 
rr f f  log(o/q-  VX- q- 0/2) 
o e-~O(x) dx = ~1 + 0/2 
and a similar one with O(x) replaced by the combination f(x)log(1/x). Next he 
investigated the roots Kn (n = 1, 2 . . . .  ) of the equation -I'K = dI°/dK = O. An 
expansion for Kn in terms of the quantity (n + ¼)zr is given. The first 50 values of 
K are then tabulated with 20 digits. For the purpose of numerical calculations, 
Meissel put 
f (x  + 0/) = Pf(x)  + Qf'(x),  O(x + 0/) = PO(x) + QO'(x) 
and found a series expansion for the coefficients P = P(x, a) and Q = Q(x, a). 
22 This paper is quoted in Nielsen [98; 99] and Watson [123], but neither of them seems to have had 
access to it. 
23 Actually, results of this type have a general character. If Yl and Y2 are solutions of a second-order 
equation of the type y" + p(x)y' + q(x)y = 0, then the products y21, YlY2, Y~ satisfy a linear third-order 
equation whose coefficients are expressible in terms of p and q, and this result extends to products 
higher than degree 2. For a "highbrow" treatment of such matters, see [84]. 
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Finally, he entered into some considerations concerning Bessel functions of purely 
imaginary arguments (that is, Bessel functions of the second kind). Writing 
exO(x) 
f ( i x ) -  X/2rrx' 
he gave several integral formula~ involving complete lliptic integrals. As a sample, 
we mention 
Jo e 2~xO2(x) dx - c~(2 + ~) '  ~ > 0. 
A more general formula of this type is reproduced in the review of [37]. 
111.7. Textbooks [5; 7; 9] 
Of the three works listed, I have only been able to consult [5]. It deals with 
differential calculus, while a planned two-volume treatise on integral calculus was 
never completed. While [5]was written in the pre-Weierstrassian style (infinitesimals 
instead of e's and 3's), it still makes for quite interesting reading as it contains 
many carefully worked out examples, including numerical ones. 24 
IV. CONCLUSION 
Meissel must be judged as a classical mathematician, continuing a tradition from 
an earlier epoch associated with names like Euler, Laplace, Legendre, Gauss, Jacobi, 
and Dirichlet. His work was based entirely on things that he had learned during 
his student days (before 1850), whereas he seems to have been ignorant of newer 
developments in analysis uch as the theory of functions of one complex variable. 
In other respects he was, as we have seen, a forerunner (in the theory of Bessel 
functions, in connection with Emden's equation, etc.). Moreover, he was extremely 
skilled in numerical calculations and in manipulating complicated analytic expres- 
sions. 
APPENDIX I. PRELIMINARY REPORT ON THE MEISSEL "NACHLASS" 
Some time after this paper had been submitted to Historia Mathematica (October 
1992), Dr. J. P10ger of the Humboldt-Schule in Kiel informed me that a considerable 
Meissel Nachlass is housed at the Akademie-Archiv n Berlin. 25 It consists of mate- 
rial that, apparently, was deposited there shortly after Meissel's death in March of 
1895--one of the last packets has on its cover, and in a different handwriting, the 
pathetic label "Letzte Rechnungen Feb. 1895"--and was then ordered by one 
Professor Meinhold. These holdings hed considerable new light on various aspects 
of his life and work. 
24 There is allusion to an example on p. 326 of [5] in the paper [21] and its review. 
ZSAcquisition umber: Wi-ho-2316-412 Meissel. Address: Jagerstrasse 22/23, D-10117 Berlin, 
Germany. 
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Roughly speaking the Nachlass--covered in manuscripts in various stages of 
completion, notes, even scrap paper, tables, etc.--concerns the following topics: 
(a) Prime numbers: This makes it possible to follow in some detail the steps of 
Meissel's computation of 7r(109). 
(b) Three body problem: Meissel's only published paper on this is [29], and at 
the time I wrote the main body of this paper, I thought it so unimportant as not 
to warrant special mention (even worse, I overlooked it when I later wrote footnote 
7 above); it appears now that this is an important part of Meissel's cientific work. 
(c) Refraction: dealing with the problem of the refraction of light in the earth's 
atmosphere under suitable physical assumptions. As far as I know, none of this has 
been published, but it seems that Meissel himself worked on this over a long period 
of time. 
(d) Special functions: Meissel dealt with various expansions and approximations 
involving both "known" functions (elliptic, hypergeometric, Bessel, etc.) and un- 
known ones. 
We have decided not to try to incorporate any of the above in the present paper 
(written in the fall of 1991), as otherwise the writing of it might well have become 
an endless process. But we hope to be able to return to this in the near future. 
In addition, the Nachlass also contains reprints of Meissel's chool programs. In 
this way it has become possible, at last, to get hold of some of the "missing" Iserlohn 
papers [10; 11; 14] and to uncover some which I did not even know existed. 
APPENDIX II. SCIENTIFIC PUBLICATIONS OF ERNST MEISSEL 
Note. An asterisk * indicates that the item in question was not available to me. 
The references Jb. and W. are to Jahrbuch tiber die Fortschritte der Mathematik and 
to WOlffing's Mathematischer Bticherschatz (item 124 in the numbered bibliography 
below), respectively. In the former case the referee's ignature is indicated in bold 
face. The same notation is also used in Appendix II. 
1. De serie quaedam Jacobiana, Unpublished issertation, Universit~itsbibliothek Halle, 1850; UAH 
Rep. 21 II Nr. 23. (Note. In [107] this item is referred to as Disquisitiones de serie Jacobiana 
ulteriores. ) English translation i  preparation. 
2. •bservati•nes quaedam in the•ria numer•rum•J•urna• far die reine und angewandte Mathematik 
48 (1854), 301-316. (Note. This is the same as the separate publication under the same title 
published in Berlin by A. G. Hyenius in 1850.) English translation i  preparation. 
3. Zur Theorie der Tautochronen, Journal far die reine und angewandte Mathematik 48 (1854), 
317-323. 
4. Beitrag zur Theorie der nfach unendlichen O Reihen, Journal far die reine und angewandte 
Mathematik 48 (1854), 324-331. 
5. Lehrbuch der Differenzial-Rechnung, Berlin: H. Peters, 1854. [W., 124] 
6. l~lber einen speciellen Fall des Ausflusses von Wasser in einer vertikalen Ebene, Annalen der 
Physik und Chemie 5 (1855), 276-283. 
*7. Repetitorium der Elementar-Mathematik, Berlin, 1856. 
8. Sammlung mathematischer Tafeln. Erste Lieferung. Tafel der elliptischen Funktionen far das yon 
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Minute zu Minute fortschreitende Argument arcsin k, enthaltend die Werte vonLog Vulg q auf 
acht Dezimalen, Iserlohn: Selbstverlag, 1860. [W., 174] 
*9. Lehrbuch der Arithmetik und Algebra, Berlin: J. Springer, 1860. 
*10. Beitr~ige zur Theorie einer (der?) Funktion, Programm Gewerbeschule lserlohn, 1862. [W., 160] 
"11. Beitr~ige zur Analysis der Zahlen, Programm Realschule Iserlohn, 1866. 
12. Notiz, Programm Realschule Iserlohn, 1869. [W., 45] 
13. Ueber die Bestimmung der Primzahlmenge innerhalb gegebener Grenzen, MathematischeAnna- 
/en 2 (1870), 636-642. [Jb. 2, 87, No.) 
"14. Notiz fiber die Anzahl der Zerlegungen sehr grosser ganzen Zahlen in Summen ganzer positiver 
Zahlen, Programm Iserlohn, Iserlohn: B~ideker, 1870. [Jb. 2, 99, No.] 
15. Berechnung der Menge von Primzahlen, welche innerhalb der ersten Hundert Millionen natfir- 
licher Zahlen vorkommen, Mathematische Annalen 3 (1871), 523-525. [Jb. 3, 70, No.] 
16. Ueber die Verbreitung vollkommen elastischer Gase von constanter Temperatur im Raume, 
Archiv far Mathematik und Physik 55 (1873), 225-240. [Jb. 5, 589-590, Wn.] 
17. Ueber den Ausfluss des Wassers aus Gef~issen in zwei besonderen F~illen nach Eintritt des 
Beharrungszustandes, Programm Realschule Kiel. (This was also published in Archiv far Math- 
ematik und Physik 55 (1873), 241-251.) [Jb. 5, 500-501, Wn.] 
18. Bemerkungen zur hypergeometrischen Reihe, Programm Realschule KieL (This was also pub- 
lished in Archiv far Mathematik und Physik 57 (1874), 46-448.) [Jb. 7, 300-301; 9, 173, Hr.] 
English translation: [104]. 
19. Bemerkungen tiber die Reduktion der vollen elliptischen I tegrale zweiter Gatung auf die vollen 
elliptischen I tegrale rster Gattung for denselben Modul, Programm Realschule Kiel. (This was 
also published in Archiv far Mathematik und Physik 56 (1874), 337-348.) [Jb. 6, 275-277; 
Jb. 9, 173, M.] 
*20. Notiz tiber das Integral einer Differentialgleichung, Programm Realschule Kiel, 1875. 
21. Beitr~ige zur Theorie der Reihen, Programm Realschule Kiel. (This was also published in Archiv 
far Mathematik und Physik 60 (1877), 337-353.) [Jb. 7, 123-127, Hr.] 
22. Beitrage zur Ballistik des Infanteriegewehres, Programm Realschule Kiel, 1878. 
23. Eine merkwardige Eigenschaft des Integrales der Gleichung dy/dx = = +X/y 2 -  cos2x, Pro- 
gramm Realschule Kiel, 1878. [W., 145]. (This was also published in Archiv far Mathematik und 
Physik 65 (1880), 111.) [Jb. 12, 275, Hr.] 
24. Aus eines Schreibens des Herrn Dr. Meissel an den Herausgeber, Astronomische Nachrichten, 
No. 2261, 95 (1879), 698-74. [Jb. 11, 794-95.] 
25. Beitrag zur Sph~irik, Archiv far Mathematik und Physik 64 (1879), 447-448; Mathematische 
Annalen 15 (1879), 380-387. [Jb. 11, 381, Mz] 
26. Beitrage zur Spharik, Mathematische Annalen 16 (1880), 529-532. [Jb. 12, 365, M.] 
27. L/3sung einer Classe von Aufgaben der Sph~irik, Archiv far Mathematik und Physik 65 (1880), 
429-433. [Jb. 12, 431, Mz.] 
28. Beitrag zur Sph~irik, Astronomische Nachrichten, No. 2289, 96 (1880), 139-141. [Jb. 11, 794- 
795, B.] 
29. Ueber Reihen, denen man bei der numerischen LSsung des Dreik6rperproblems begegnet, wenn 
die Anfangsgeschwindigkeiten Null sind, Programm Ober-Realschule Kiel, 1882. [W., 100]. 
30. Ueber Primzahlmengen, Mathematische Annalen 21 (1883), 304. [Jb. 15, 135, Sn.] 
31. Ueber einige Fehler der Burckhardt'schen Faktorentafeln, Mathematische Annalen 23 (1884), 
600. [Jb. 16, 137, M.] 
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32. Ueber die relative Menge wisser Formprimzahlen i nerhalb etr~ichtlicher Zahlenr~iume, Pro- 
gramm Ober-Realschule Kiel, 188 [W., 45]. 
33. Berechnung der Menge von Primzaheln, welche innerhalb der ersten Milliarde nattirlicher Zahlen 
vorkommen, Mathematische Annalen 25 (1885), 251-257. [Jb. 17, 124, Hch.] 
34. Ueber die Anzahl der Darstellungen einer gegebener Zahl A durch die Form ~ P~n, in welcher 
die "p" gegebene unter sich verschiedene Primzahlen, xn ganze positive Zahlen mit Ausschluss 
der Null sind, Programm Ober-Realschule Kiel, 1886. [Jb. 18, 141, Sn.] 
35. Ueber Restsummen, Programm Ober-Realschule Kiel, 1888. [Jb. 20, 184, Sn.] 
36. Tafeln der Bessel'schen Functionen I ° und 11 von k = 0 bis k = 15, 5, Abhandlungen der Kgl. 
Preussischen Akademie der Wissenschaften zu Berlin, (1888). [W., 182, Jb. 21, 518, Wn.] 
37. Ueber die Bessel'schen Functionen I ° und 1'~, Programm Ober-Realschule Kiel, 1890. [Jb. 22, 
521-522, Wn.] (Note. In most quotations the title is rendered incorrectly (Ix in place of I'K). 
Perhaps the same change must be made in the title of [36] above.) 
38. Beitrag zur PeU'schen Gleichung h6herer Grade, in Programm (nr. 283) Ober-Realschule, Kiel, 
1891. [Jb. 23, 195, Sn.] 
39. Einige Entwicklungen, die Bessel'schen I-Functionen betreffend, Astronomische Nachrichten, 
No. 3046, 127 (1891), 359-362. [Jb. 24, 33-35, Dz.] 
40. Beitrag zur Theorie der allgemeinen Bessel'schen Functionen ~h) = (1/zr) -fro cos(hu - K sin u) 
du, Astronomische Nachrichten, No. 3056, 128 (1891), 145-154. [Jb. 24, 1133-1135, Dz.] 
41. Abgektirzte Tafel der Bessel'schen Functionen I~ h) (Auszug aus einer gr6sseren Tafel mit 18 
Decimalen), Astronomische Nachrichten, No. 3056, 128 (1891), 154-156. [Jb. 24, 1133-1135, Dz.] 
42. Beitrag zur Theorie der Bessel'schen Functionen, Astronomische Nachrichten, No. 3072, 128 
(1891), 435-438. [Jb. 24, 1133-1135, Dz.] 
43. Ueber die Absoluten Maxima der Bessel'schen Functionen, Programm (nr. 289) Ober-Realschule, 
Kiel, 1892. [Jb. 24, 476-478, Wn.] 
44. Neue Entwicklungen tiber die Bessel'schen Functionen, Astronomische Nachrichten, No. 3089, 
129 (1892), 281-284. [Jb. 24, 1133-1135, Dz.] 
45. Weitere Entwicklungen tiber die Bessel•schen Functi•nen• Astr•n•mische Nachrichten• N•. 3116• 
130 (1892), 363-368. [Jb. 24, 1133-1135, Dz.] 
46. Entwurf einer Tafel, aus welcher die sechs Elemente incr beliebigen Menge sph~irischer Dreiecke 
sofort entnommen werden k6nnen, Programm No. 298 Ober-Realschule Kiel, 1894. [Jb. 25, 
797-798, M.] 
APPENDIX  I I I .  WORKS QUOTED (OR ALLUDED TO)  BY  MEISSEL  
Note. The numbers in brackets refer to the papers listed in the previous appendix. 
47. N. H. Abel, Aufl6sung einer mechanischen Aufgabe, Journal far die reine und angewandte 
Mathematik 1 (1826), 153-157, (Euvres compldtes de N. H. Abel, mathkmaticien, avec des notes 
et d~veloppements, ed.B. Holmboe, Christiania (= Oslo): Gr~ndahl, 1:27-32. [21] 
48. N. H. Abel, Lettre h A. Holmboe; reprinted in (Euvres compldtes de N. H. Abel, math~maticien, 
avec des notes et d~veloppements, ed. B. Holmboe, Christiania (= Oslo): GrCndahl, 1875-1877, 
2:265-268. [2] 
49. J. K. Burckhardt, Tables des diviseurs pour tousles nombres du 1 e~, 2 e et 3 e million, avec les 
nombres premiers qui s'y trouvent, Paris: Courcier, 1814-1817. [W., 44]. [13], [32], [33] 
50. C. F. Gauss, Werke, vol. 2, G6ttingen: Kgl. Gesellschaft der Wissenschaften, 1876. [13] 
51. A. Goepel, Transcendentum Abelianarum primi ordinis adumbratio levis, Journal far die reine 
und angewandte Mathematik 35 (1847), 277-312. [4] 
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52. J. P. Gram, Undersegelser angaaende ma ngden af primtal under en given graense, Copenhagen: 
Hoeste, 1884. [Jb. 16, 146-147.] Also: Kongelige Danske Videnskabernes Selskabs Skrifler. S]aette 
Rcek. Naturvidenskabelig o Mathematisk Afdelning, pp. 184-289. French Summary: Recherches 
sur la totalit6 des nombres premiers inf6rieurs ~ une limite donn6e. Ibid. pp. 289-307. Copenhagen 
1881/1886.) [W., 45]. [33] 
*53. J. P. Gram, Personal communication, Aug. 12, 1884. [33] 
54. J. A. Htilsse, Sammlung mathematischer Tafeln. Als neue vOllig umgearbeitete Auflage yon Georgs 
Freiherrn yon Vega grOsseren logarithmisch-trigonometrischen Tafel herausgegeben von J. A. 
Halsse, Leipzig: Weidmann'sche Buchhandlung, 1865? [13] (Note. There are also an 1840 and 
an 1849 edition.) 
55. C. G. J. Jacobi, Fundamenta nova theoriae functionum ellipticarum, K6nigsberg: Borntr/~ger, 
1829, or Werke, Berlin: Reimer, 1881, 1:49-239. [W., 172]. [19, 24, 27] 
56. P. S. Laplace, MOchanique cdleste, vol. 1, Paris, 1792. [3] 
57. A. M. Legendre, ThOorie des nombres, 3d ed., vol. 2, Paris, 1830. 
*58. A. Lodge, Personal communication, 1890. 
59. A. Moebius, Ueber eine besondere Art der Umkehrung der Reihen, Journal far die reine und 
angewandte Mathematik 9 (1832), 105-123. [2] 
60. L. Oppermann, Om vor Kundskap om Primtallenes Maengde mellem givne Graendser, Oversigt 
over det Kongelige Danske Videnskabernes Selskabs Forhandlingar og dets Medlemmers Arbejder, 
1882, 169-179. [Jb. 14, 118, Gm.] 
Other names mentioned by Meissel: Cagnioli, Euler, Holmboe, Lagrange, Navier, Rtimker, Schl6milch, 
Stirling, and Thesaurus. 
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